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ABSTR ACT: The exchange rate pass-through is of considerable importance for policy makers in open economies. Based on work of Johansen (2002) this paper develops the conditions for the identication of equilibrium pass-through effect in cointegration framework.
In addition, I specify the restrictions for testing the perfect equilibrium pass-through. The
method is illustrated on the Euro area data and the pass-through effect of the Euro effective
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1. Introduction
Exchange rate pass-through is defined as the change in prices caused by the change in the
nominal exchange rate. The pass-through effect operates broadly through three basic channels:
(1) a direct effect through prices of imported goods in the CPI; (2) an effect through prices
of imported intermediate goods; and (3) an effect through price setting and expectations that
include also the expected responses of monetary policy (Garcia and Restrepo, 2001). Estimation
of pass-through effect leads to important policy implications in the choice of exchange rate
regimes. At the same time, it represents a significant challenge in empirical work.
The literature has developed two broad approaches to estimation of exchange rate passthrough effect. The first approach is based on single-equation estimation in large cross-country
panels. A notable example are Campa and Goldberg (2002) (see also Campa and Goldberg,
2005) who estimate a simple single-equation model for 25 OECD countries over the period
1975 to 1999 and measure the pass-through effect (to import prices) with the coefficient on the
nominal exchange rate. Goldfajn and Werlang (2000) study the relationship between exchange
rate depreciations and inflation for 71 countries in the period 1980 to 1998. Choudhri and
Hakura (2001) extend the study of Goldfajn and Werlang (2000) and try to establish the role of
the exchange rate regime in determining the extent of pass-through in 71 countries in the period
1979 to 2000. Single equation approach is used also by Darvas (2001) and Mihaljek and Klau
(2008) who study emerging economies.
The second approach is based on the structural VAR model, of which McCarthy (2000) is
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VAR pass-through is typically measured by means of impulse responses of prices to an identified
exchange rate shock.2 The problem with such an approach approach is that it gives only a partial
estimate of pass-through. As shown by Corsetti and Dedola (2005) we can observe as many
(different) measures of pass-through effect as there are identified structural shocks. Concentrating
on price responses only to an exogenous exchange rate shock neglects other sources of stochastic
variation in the nominal exchange rate and prices. In addition, exchange rate changes need not
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and Korhonen and Wachtel (2006). The VAR approach is a systems approach that captures
consistently the endogenous dynamic relation between the nominal exchange rate, prices and
other conditioning variables and is thus preferable to single equation estimation. In a structural
VAR pass-through is typically measured by means of impulse responses of prices to an identified
exchange rate shock.2 The problem with such an approach approach is that it gives only a partial
estimate of pass-through. As shown by Corsetti and Dedola (2005) we can observe as many
(different) measures of pass-through effect as there are identified structural shocks. Concentrating
on price responses only to an exogenous exchange rate shock neglects other sources of stochastic
variation
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To facilitate the analysis consider a system of variables (1) in which the effect of the nominal
exchange rate on prices is analyzed taking into
2 account the endogenous dynamics in, foreign
prices, output and the interest rate differentials:

Xt = (pt , et , p∗t , it − i∗t , yt ) .

(1)

channel. The empirical analysis in the paper shows that pass-through of the Euro effective
exchange rate to consumer prices is the highest in case of exchange rate changes accompanied
by long-run changes in real output. In such a case, the test cannot reject the hypothesis of a
perfect pass-through. Conditional on equilibrium changes in interest rates (financial shock) or
foreign prices (nominal shock) the extent of exchange rate pass-through is limited.
The paper proceeds as follows. Section 2 discusses the theoretical conditions for identification 7
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of the exchange rate pass-through effect in a cointegrated VAR model. Section 3 presents the
empirical results, while Section 4 concludes.
2. Identification of equilibrium exchange rate pass-through effect
This section presents the analysis of the equilibrium exchange rate pass-through effect to
(consumer) prices within the cointegration framework. Compared to existing studies of passthrough the analysis introduces two novelties. First, within I(1) cointegration analysis the paper
offers a formal discussion of identification of pass-through effect conditional on cointegration
rank. Secondly, I show that the equilibrium measure of the pass-through effect may not be unique
and discuss what equilibrium changes of other endogenous variable under analysis accompany
different measures of exchange rate pass-through. These changes are related to the conventional
long-run identification restrictions for identification of structural shocks commonly employed in
the structural VAR literature.
To facilitate the analysis consider a system of variables (1) in which the effect of the nominal
exchange rate on prices is analyzed taking into account the endogenous dynamics in, foreign
prices, output and the interest rate differentials:
Xt = (pt , et , p∗t , it − i∗t , yt ) .

(1)
p∗t

where yt denotes output, et is the nominal exchange rate, pt are domestic prices,
foreign
prices and it − i∗t the nominal interest rate differential between the domestic and the foreign
economy. Such a system of variables is considered also in the empirical analysis of this paper
and is motivated by standard macroeconomic theory. Domestic prices, the nominal exchange
rate and foreign prices are related through the (relative) purchasing power relation. The interest
rate differential affects exchange rate dynamics through the interest rate parity. Finally, output
captures the effect of real factors on all endogenous variables in the system. Moreover, it is
typically of interest to evaluate also the effect of exchange rate changes on output.
The variables are modelled as a cointegrated VAR
3
k−1

Γi ∆Xt−i + ΦDt + εt
∆Xt = ΠXt−1 +

(2)

i=1

with a corresponding reduced rank condition Π = αβ  (see Johansen (1995) for a detailed presentation). The matrix β contains the cointegrating relations and α contains the corresponding
loading coefficients. The cointegration coefficient between the exchange rate and prices is of central interest because we need establish under what conditions it can be interpreted as equilibrium
pass-through effect. A cointegration relation containing et and pt can be generically written in
regression format as follows
pt = β1 et + β2 p∗t + β3 (it − i∗t ) + β4 yt + errort

(3)

Note that depending on cointegration rank all variables need not enter such a cointegration
relation. With cointegration rank equal to one the relation would be as in (3). With cointegration
rank higher than one at least on of the coefficients β2 to β4 must be zero. In any case we need to
check whether λ1 can be interpreted as equilibrium pass-through effect. In other words, we need
to check whether, based on an estimate of the cointegration relation of the type (3), we can say
that with a long-run change in et by 1 percent prices change by β1 percent in equilibrium. This
is a question about identification of the pass-through effect.
To establish the conditions for identification I invoke results of Johansen (2002). From the
solution of the error-correction model it follows that the long-run value X∞/t as a function of
current values (Xt , Xt−1 , ..., Xt−k+1 ) is given by


k−1

X∞/t = lim E (Xt+h | Xt , Xt−1 , ..., Xt−k+1 ) = C Xt −
(4)
Γi Xt−i
h→∞

i=1

where matrices C and Γ are defined as

C = β⊥ (α⊥
Γβ⊥ )

−1


α⊥
and Γ = I −

k−1


Γi

i=1

and α⊥ and β⊥ are the orthogonal complements to α and β respectively. Thus, it follows from
the definition of matrix C that the long-run changes in endogenous variables are proportional to
β⊥ . A given long-run change k ∈ sp (β⊥ ) can be achieved either by adding k to all current values

that with a long-run change in et by 1 percent prices change by β1 percent in equilibrium. This
is a question about identification of the pass-through effect.
To establish the conditions for identification I invoke results of Johansen (2002). From the
solution of the error-correction model it follows that the long-run value X∞/t as a function of
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k−1

X∞/t = lim E (Xt+h | Xt , Xt−1 , ..., Xt−k+1 ) = C Xt −
(4)
Γi Xt−i
h→∞

i=1

where matrices C and Γ are defined as

C = β⊥ (α⊥
Γβ⊥ )

−1


α⊥
and Γ = I −

k−1


Γi

i=1

and α⊥ and β⊥ are the orthogonal complements to α and β respectively. Thus, it follows from
the definition of matrix C that the long-run changes in endogenous variables are proportional to
β⊥ . A given long-run change k ∈ sp (β⊥ ) can be achieved either by adding k to all current values
or by adding Γk to Xt - a short-run change. It is also assumed in what follows that cointegration
vectors are identified using zero restriction, which justifies the interpretations used below (see
Proposition 2 in Johansen, 2002). The following proposition gives a sufficient and necessary
condition for identification of the pass-through effect.
Proposition 1. Equilibrium pass-through effect is identified if and only if the cointegration rank
r is equal to 1 plus the number of variables other than domestic prices with a non-zero coefficient
in k ∈ sp (β⊥ ).
Proof. Xt is a pt dimensional vector of variables. Without loss of generality assume pt is placed

first and et second. Consider a the following vector of long-run changes: k = λ, 1, µ, 01x(p−2−n) ,
that is, a long-run change in the nominal exchange rate by one unit accompanied by a long-run
change in prices by λ units, while allowing for a non-zero effect on n variables in sub-vector µ.
λ measures the equilibrium pass-through effect and is a parameter that needs to be uniquely
identified. Note that k ∈ sp (β⊥ ), hence the parameters in k must solve k  β = 0. β is rxp and it
must be identified using zero restriction (see Johansen,
2002). k has n + 1 unknown parameters.
4
k  β = 0 is therefore a system of r linear equations and n + 1 unknowns. It has a unique solution
when r = 1 + n. In such a case λ is uniquely identified. Unless we have some prior statistically
non-testable information for parameters of µ this is also the only case when it can be identified
from the estimated cointegration coefficients.
It directly follows from Proposition 1 that the identification of pass-through effect implies
also that a long-run equilibrium change in the exchange rate rate has a non-zero equilibrium
effect on n = r − 1 variables in Xt . This leads to the following corollary to Proposition 1.

Corollary 2. When pass-through effect is identified in a p-dimensional system, permanent exchange rate changes are associated with a non-zero equilibrium changes in exactly r − 1 variables
other than domestic prices pt .
Proposition 1 and its corollary have important economic implications since they imply that
conditional on cointegration rank the equilibrium exchange rate pass-through on prices can be
identified from cointegration coefficients, but permanent exchange rate changes are associated
with different effects on the remaining variables of the system. For a better illustration of
the identification issue let us consider the following example. In the system of variables (1)
genuine cointegration is found for ranks 1 to 4. With rank 1 a single cointegrating relation can
be conveniently written in regression format as (3) which corresponds to cointegrating vector

β = (1, −β1 , −β2 , −β3 , −β4 ) . As discussed above we need to check whether β1 can be interpreted

as a measure of pass-through effect. Consider a long-run change k = (β1 , 1, 0, 0, 0) , that is, a
long-run change in prices by β1 percent accompanied by a long-run change in the exchange rate
by 1 percent, while leaving foreign prices, the interest rate spread and real output unchanged.
Note that k  β = 0. In such a case k ∈ sp (β⊥ ) and we could interpret β1 as the equilibrium
pass-through effect that is consistent with a zero equilibrium effect on the remaining variables of
the system.
If we want to consider an equilibrium change with a non-zero equilibrium effect on the remaining variables in the system and see if we can interpret β1 as the pass-through effect we need

to explore the feasibility of the long-run change of the form k = (λ, 1, µ, 0, 0) . Clearly such a
vector is not orthogonal to β for any µ = 0 and hence β1 cannot be interpreted as the passthrough effect. In such a case the equilibrium pass-through effect cannot be directly obtained
from estimated cointegration coefficients.
Next consider the case with r = 2. Without loss of generality assume that cointegrating
vectors are identified in such a way that there is a r × r identity matrix as the upper block of β.
In regression format they can be written as
β1 = [1, 0, β13 , β14 , β15 ]




Note that k  β = 0. In such a case k ∈ sp (β⊥ ) and we could interpret β1 as the equilibrium
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vector is not orthogonal to β for any µ = 0 and hence β1 cannot be interpreted as the passthrough effect. In such a case the equilibrium pass-through effect cannot be directly obtained
from estimated cointegration coefficients.
Next consider the case with r = 2. Without loss of generality assume that cointegrating
vectors are identified in such a way that there is a r × r identity matrix as the upper block of β.
In regression format they can be written as


β1 = [1, 0, β13 , β14 , β15 ]

β2 = [0, 1, β23 , β24 , β25 ]
In line with Proposition 1 in such a case the equilibrium exchange rate pass-through can be
identified from cointegration coefficients if we allow for an accompanying non-zero effect on
one additional variable. This implies that we need to consider long-run changes of the type



k = (λ, 1, µ, 0, 0) or k = (λ, 1, 0, µ, 0) or k = (λ, 1, 0, 0, µ) , corresponding to non-zero long-run
change in foreign prices, the interest rate spread and output respectively.
In either case, by solving k  β = 0 the equilibrium pass-through effect λ is identified and
estimated by
β1j
λ=
; j = 3, 4, 5.
β2j


With j = 3 we consider k = (λ, 1, µ, 0, 0) - a long-run change in the exchange rate, domestic
and foreign prices that is typically considered 5in the analysis of the purchasing power parity
hypothesis. From an economic point of view such a change can be considered as a consequence

of purely nominal factors (shocks). With j = 4 we consider k = (λ, 1, 0, µ, 0) - a long-change
the exchange rate, domestic prices and the interest rate spread. We can interpret such a change
as coming from financial shocks and is associated by a different equilibrium exchange rate passthrough effect than in the case of a nominal shock. Finally, With j = 5 we consider k =

(λ, 1, 0, 0, µ) - a long-run change in the exchange rate, domestic prices and real output y, which
comes about due to permanent real shocks with corresponding equilibrium exchange rate passthrough effect.
In the case of three cointegrating relations we would have


β1 = [1, 0, 0, β14 , β15 ]

β2 = [0, 1, 0, β24 , β25 ]

β3 = [0, 0, 1, β34 , β35 ]
and the corresponding long-run changes, which according to Proposition 1 contain two variables in addition to the exchange rate and prices with non-zero coefficient. In particular,



k = (λ, 1, µ1 , µ2 , 0) or k = (λ, 1, 0, µ1 , µ2 ) or k = (λ, 1, µ1 , 0, µ2 ) . Also in such a case, the
estimated equilibrium exchange rate pass-through can be obtained directly from the cointegration coefficients by solving k  β = 0 for these long-run changes.
The largest possible cointegration rank in our example is 4. In such a case there is only
one unit root in the system and hence β⊥ a one-dimensional space. Feasible long-run changes
include non-zero effects on all modelled variables. The equilibrium exchange rate pass-through
effect is in such as case the simplest to determine as the four cointegration relations include two
variables each. If we identify the cointegration space such that one of the relations includes the
exchange rate and domestic prices, the equilibirum exchange rate is measured directly by the
corresponding cointegration coefficient.
These examples reveal that the identification of long-run or equilibrium pass-through effect
depends on cointegration rank. Depending on rank we can find different possibilities of the longrun changes of other modelled variables other than the exchange rate and prices. Clearly, such
long-run changes need to be sensible also from economic point of view, otherwise we reduce the
issue of estimating the equilibrium pass-through effect to a mechanical procedure with limited
value for policy makers.
When identification can be achieved we can also determine the corresponding contemporaneous pass-through effect – a short-run change – that supports a given long-run change leading to
a conventional impulse response analysis that I also consider in the next section. As seen above,
a given long-run change k ∈ sp (β⊥ ) can be achieved by adding Γk to Xt . We can interpret this
change also as the effects of shocks that clearly have permanent effects on variables in Xt . In
fact, this is a restriction on any type of shock in structural sense (real or nominal) that economic
theory can justify to have a permanent change given by k ∈ sp (β⊥ ).
2.1. Implications of identification problem for other methodological approaches
The analysis thus far focused on the interpretation of cointegration coefficients and consequently highlighted potential weaknesses in existing studies using the cointegrated VAR framework to study the equilibrium or long-run exchange rate pass-through. However, the discussion
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fact, this is a restriction on any type of shock in structural sense (real or nominal) that economic
theory can justify to have a permanent change given by k ∈ sp (β⊥ ).
2.1. Implications of identification problem for other methodological approaches
The analysis thus far focused on the interpretation of cointegration coefficients and consequently highlighted potential weaknesses in existing studies using the cointegrated VAR framework to study the equilibrium or long-run exchange rate pass-through. However, the discussion
of the identification problem has some implications also for single-equation and SVAR-based
studies of pass-through effect.
It is clear from the above discussion that a given single-equation estimate of
pt = λ1 (L)et = λ2 (L)p∗t + λ63 (L) (it − i∗t ) + λ3 (L)yt + εt
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where pt stands for the log of the Euro area consumer price index excluding energy and food
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two endogenous lags, which delivers also a statistically well specified model (see upper panel of
Table 1). The test for cointegration rank in Table 1 indicates rank 2, which is consistent with
the evidence of three large roots in the system.
3 The data can be downloaded from the Euro area business cycle network webpage (www.eabcn.org/area-widemodel).
3 The data can be downloaded from the Euro area business cycle network webpage (www.eabcn.org/area-widemodel).
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Table 1: Multivariate misspecification tests and characteristic roots and trace tests for the I(1) systems

Res. autocorr. 1
Res. autocorr. 1-4
Normality

Trace test
p-value
r

F (25, 261) = 1.42
p-val = 0.09
F (100, 272) = 1.18
p-val = 0.15
χ2 (10) = 65.34
p-val = 0.00
Modulus of 6 largest characteristic roots
0.99
0.93
0.93
0.89
0.89
0.55
3.94 10.64 24.13 48.36 82.49
0.05
0.34
0.20
0.04
0.00
4
3
2
1
0

Table 2: Estimated Cointegration Relations and Loading Coefficients

α1
α2
-0.03
0.01
(0.01) (0.00)
1.00
0.11
0.01
et
(0.29) (0.02)
-1.18
-0.02
0.13
-0.01
p∗t
(0.17) (2.11) (0.05) (0.00)
it − i∗t
0.01
0.14
-20.15
0.84
(0.00) (0.03) (5.17) (0.45)
-0.17
-0.33
-0.07
-0.00
yt
(0.13) (1.65) (0.05) (0.00)
Notes: Standard errors in parentheses.
pt

β1
1.00

β2
-

The left panel of Table 1 presents the estimates of cointegration vectors. The right panel
reports the corresponding adjustment coefficients. The cointegration coefficients are statistically
identified by means of a leading identity matrix. Such an approach is convenient for the computation of the equilibrium exchange rate pass-through effect as demonstrated in the previous
section.
Before proceeding to the discussion of how the equilibrium exchange rate pass-through can be
estimated in the current empirical example it useful to consider an example that demonstrates
potential pitfalls in interpreting cointegration coefficients. It can be shown in the present case that
one cannot reject the hypothesis that the following cointegration vector lies in the cointegration
space
β̃ = [1, −1, −1, −0.13, 0.06]
The likelihood ratio statistic of the test of the hypothesis that the second and the third element
of this vector are equal to −1 is equal to 0.004 with corresponding p-value of 0.95. This implies
that we cannot reject the hypothesis that one of the cointegration vectors can be written as
pt = et + p∗t + 0.13 (it − i∗t ) − 0.06yt + errort

(6)

Because the coefficients corresponding to the nominal exchange rate and the foreign price level
are equal to one, a typical ceteris paribus interpretation of such a cointegration relation would be
that the equilibrium exchange rate pass-through effect is perfect and, in addition, the purchasing
power parity holds.
Note, however, that such an interpretation would be false. For the purchasing power parity
to hold we need to consider a long-run change of the type k̃ = [1, 1, 1, 0, 0], i.e. domestic prices,
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foreign prices and the exchange rate moving one-to-one in the long run. But this is clearly not
the case. It is evident that k̃ β̃ = −1 = 0, and hence neither the purchasing power parity nor the
perfect pass-through assumptions hold.
From the estimates of cointegration coefficients in Table 2 we can estimate also the degrees
of equilibrium exchange rate pass-through effect. Given that cointegration rank is set to two the
discussion in Section 2 suggests that the equilibrium exchange rate pass-through is estimated as
β1j
λ=
; j = 3, 4, 5.
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9

4 The

90% confidence intervals are obtained by bootstrap.
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Figure 1: Impulse responses to a permanent nominal shock
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Conditional on a financial shock that permanently affects the interest rate spread the estimated equilibrium exchange rate pass-through is positive, but low. A 1 percent equilibrium
increase in the effective exchange rate is associated with a 0.1 percent increase in the Euro area
prices. Low equilibirum pass-through effect is confirmed by a formal test of perfect equilibrium
pass-through, i.e. λ = 1. This would obtain if β14 = β24 , which is also the hypothesis tested by
a likelihood ratio test. The test clearly rejects the perfect pass-through hypothesis.
The corresponding impulse responses in Figure 2 confirm the interpretation of long-run
changes as coming from permanent financial shocks. The interest rate spread is permanently
driven down, which immediately weakens the euro. Domestic prices quickly rise to the new
long-run equilibrium, while output reacts only temporarily.
Finally, we turn to a real shock, a long-run change that permanently changes real GDP.
In such a case the equilibrium pass-through effect is the highest, with the point estimated of
0.35. Moreover, a formal test cannot reject the hypothesis β15 = β25 , which implies a perfect
equilibrium pass-through.
The impulse responses in Figure 3 show that in response to a permanent increase in the
Euro area GDP that is accompanied by a permanent depreciation of the effective the exchange
rate (induced by a temporary reduction in the interest rate spread) domestic prices gradually
rise to the new equilibrium level. Relative to the case of the financial shock, the exchange rate
pass-through is slower in the short-run but higher in the long run.
The interpretation requires of bit of caution as the estimated responses of the exchange rate
and domestic prices results to be rather imprecisely estimated and consequently not statistically
different from zero already at short horizons. This feature partially explains the results of the
test for a perfect pass-through effect in Table 3.
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Figure 2: Impulse responses to a permanent financial shock
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Figure 3: Impulse responses to a permanent real shock
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4. Concluding discussion
The purpose of the paper is to contribute to the literature on exchange rate pass-through
estimation from methodological and empirical point of view. The empirical analysis is performed
within the cointegrated VAR framework that in principle enables the estimation of the equilibrium pass-through effect of nominal exchange rate changes on prices. As shown by Johansen
(2002), this requires a proper interpretation of cointegration coefficients, which, combined with
economic theory, in the present framework translates into the problem of identification of the
equilibrium pass-through effect. Systems of variables for pass-through estimation must contain
all crucial variables that account for complex macroeconomic interdependence in open economies.
In such a case, we cannot discuss equilibrium effects of a one percentage point change in nominal
exchange rate on prices without taking into account also the endogenous effect on other variables.
This implies that identification cannot be automatically achieved for all orders of cointegration
rank. Moreover, each possible value of cointegration rank leads to different conclusions about
the equilibrium effects of exchange rate changes.
The process of identification of equilibrium pass-through is demonstrated on the Euro area
data. It is shown that the equilibrium exchange rate pass-through is incomplete, but lower
conditional on the permanent financial shocks and higher conditional on permanent increases in
real output. For pure nominal price shock the pass-through effect may not even turn out to be
positive.
These results offer a policy implication related to the expansive unconventional monetary
policy measures introduced by the ECB in late 2014. These are expected to depreciate the euro
relative to other major world currencies and consequently stimulate economic activities and curb
deflationary pressures. From an economic point of view these unconventional policy measures
are most closely related to the case of a permanent financial shock. The results in this paper
show that the effects of a permanently weaker euro on economic activity is rather limited and it
has a weak positive effect on the Euro area consumer prices.
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